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Abstract: 

In this article, we define a non-commutative deformation of the "symplectic 
invariants" (introduced in [13]) of an algebraic hyperelliptical plane curve. The 
necessary condition for our definition to make sense is a Bethe ansatz. The 
commutative limit reduces to the symplectic invariants, i.e. algebraic geometry, and 
thus we define non-commutative deformations of some algebraic geometry quantities. 

In particular our non-commutative Bergmann kernel satisfies a Ranch variational 
formula. Those non-commutative invariants are inspired from the large N expansion 
of formal non-hermitian matrix models. Thus they are expected to be related to the 
enumeration problem of discrete non-orientable surfaces of arbitrary topologies. 

1 Introduction 

In [13], the notion of symplectic invariants of a spectral curve was introduced. For any 
given algebraic plane curve (called spectral curve) of equation: 
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an infinite sequence of numbers 

F^<^\£) , ^7 = 0,1,2,..., oo (1.2) 

and an infinite sequence of multilinear meromorpliic forms w!f^ (meromorpliic on tfie 
algebraic Riemann surface of equation £{x,y) = 0) were defined. 

Their definition was inspired from hermitian matrix models, i.e. in the case where 
£ = £m.m. is the spectral curve {y{x) is the equilibrium density of eigenvalues) of a 
formal hermitian matrix integral Zm.m. = /(iMe-^'^^(*^), the F^3) 

were such that: 

oo 

\nZuM. = 5^iV2"2^^F(5)(W) (1.3) 

9=0 

The F(^?)'s have many remarkable properties (see [l3]), in particular invariance under 
symplectic deformations of the spectral curve, homogeneity (of degree 2 — 2g), holo- 
morphic anomaly equations (modular transformations), stability under singular limits, 
... An important property also, is that the following formal series 

r(£)=e^.^'-''^'''(') (1.4) 

is the "formal" r function of an integrable hierarchy. 

Although those notions were first developed for matrix models, they extend beyond 
matrix models, and they make sense for spectral curves which are not matrix models 
spectral curves. For instance the (non-algebraic) spectral curve £Yjp{x,y) = (27ry)^ — 
{sm{2ny/x)y is such that F^^\£^^p) = Vo\{Mg) is the Weyl-Petersson volume of 
moduli space of Riemann surfaces of genus g (see [HI [12] )• It is conjectured [3j that 
the F(s)'s are deeply related to Gromov-Witten invariants, Hurwitz numbers |1] and 
topological strings [3]. In particular they are related to the Kodair a- Spencer field 
theory [8]. 

There were many attempts to compute also non-hermitian matrix integrals, and 
an attempt to extend the method of [I3] was first made in [7], and here in this paper 
we deeply improve the result of [7]. The aim of the construction we present here, 
is to define F^^^^s for a "non-commutative spectral curve", i.e. a non commutative 
polynomial: 

£ix,y) = ^£i,j x'y^ , [y^x] = h (1.5) 

For instance we can view y as y = hd/dx, and £^ is a differential operator, which 
encodes a linear differential equation. 
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In this article we choose S{x,y) of degree 2 in the variable y, i.e. the case of a 
second order linear differential equation, i.e. Schroedinger equation, and we leave to a 
further work the general case. 

Here, in this article, we define some F^^\£), which reduce to those of [13] in the 
limit h —>■ 0, and which compute non-hermitian matrix model topological expansions. 
For instance consider a formal matrix integral: 

Z= f dMe-""^^' = eS« ^'"^ (1.6) 

where E2(3^n is one of the Wigner matrix ensembles [12] of rank A^: -Ei^at is the set of 
real symmetric matrices, E2^n is the set of hermitian matrices, and E^^n is the set of 
self-dual quaternion matrices (see [16] for a review). We define: 

Notice that = for hermitian matrices, i.e. the hermitian case is the classical limit 
[y,x\ = 0. Notice also that the expected duality /5 ^ 1//5 (cf [TTIE]) corresponds to 
h ^ —h, i.e. we expect it to correspond to the duality x ^ y (for ^ = 0, the x ^ y 
duality was proved in [E]). 

Let us also mention that the topological expansion of non-hermitian matrix integrals 
is known to be related to the enumeration of unoriented discrete surfaces, and we 
expect that our F^^^ = 'Ylk F^^'^'^ can be interpreted as generating functions of such 
unoriented surfaces. 

So, in this article, we provide a method for computing F^^'^^ for any g and k (which 
is more consise than [7]). 

Outline of the article 

• In section 121, we introduce our recursion kernel K{x,x'), and we show that the 
mere existence of this kernel is equivalent to the Bethe ansatz condition. 

• In section [31 we define the Wn^^^ and the F^^^'s, and we study their main prop- 
erties, for instance that Wn"* is symmetric. 

• In section m we study the classical limit /i ^ 0, and we show that we recover the 
algebro-geometric construction of |13j . 

• This inspires a notion of non- commutative algebraic geometry in section O 

• In section [6], we study the application to the topological expansion of non- 
hermitian matrix integrals. 
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• In section [3, we study the application to the Gaudin model. 

• Section [8] is the conclusion. 

• All the technical proofs are written in appendices for readability. 

2 Definitions, kernel and Bethe ansatz 

Let V'{x) be a rational function (possibly a polynomial), and we call V{x) the poten- 
tial. Let ttj be the poles of V'{x) (one of the poles may be at oo). 

For example, the following potential is called Gaudin potential (see section [7]): 

^Gaudi„(^)=^ + E-#- (2.1) 
1=1 

As another example, we will consider formal matrix models in section [6], for which 
V'{x) is a polynomial. 

However, many other choices can be made. 

2.1 The problem 

Our problem is to find m complex numbers Si, . . . , Sm, as well as two functions G{xo, x) 
and K{xq,x) with the following properties: 

1. G{xo,x) is a rational function of x with poles at x = Si, and a simple pole of 
residue +1 at and which behaves as 0(l/x) at x — oo. 

2. G{xo, x) is a rational function of Xq with (possibly multiple) poles at Xq = Sj, and 
a simple pole at xq = x, and G{xo, x) behaves like 0(1/ xq) at xq oo. 

3. i?(xo,x) = — |^G(xo,x) is symmetric: B{xq,x) = i?(x, Xq). 

4. K and G are related by the following differential equation: 

2h y V'ix) - h— K(xo, x) = G(xo, x) (2.2) 

X — Si ox I 

5. K{xo, x) is analytical when x — > Sj for all z = 1, . . . , m. 

We shall see below that those 5 conditions determine K, G, and the Sj's. In fact 
condition 5 is the most important one in this list, it amounts to a no-monodromy 
condition, and we shall see below that it implies that the Sj's must obey the Bethe- 
ansatz equation. 



4 



2.2 Analytical structure of the kernel G 

The 4th and 5th conditions imply that G{xo,x) has at most simple poles at x = Sj. 
Then condition 3 implies that G{xq,x) has at most double poles at Xq = Sj. 

The first 3 conditions imply that there exists a symmetric matrix Aij such that 
G{xq,x) can be written: 

^ m t 

Qfxo x) = + 2 (2 3) 

and therefore: 

^(^0, x) = l ^ + ^ ^ (2.4) 

2 (x - xo)^ (x - Si)^(xo - SjY 

We will argue in section [5l that -B can be viewed as a non=commutative deformation 
of the algebraic geometry's Bergmann kernel. 

2.3 Bethe ansatz and monodromies 

First, we study the conditions under which the differential equation eq. (12. 2p has no 
monodromies around Si, in other words the condition under which K{xo, x) is analytical 
when X — >• Sj, Vi: 

2 3 

K{xo, Si + e) = K{xo, Si) + eK\xo, Si) + ^K"{xo, s,) + jK"\xo, s,) + . . . (2.5) 

Equating the coefficient of in eq. (12. 2p . we get: 

hK{xo, s,) = V (2.6) 

equating the coefficient of e° in eq. (12. 2p . we get: 

hK'ixo, s,) = + V\sdK{xo, s,) -2hJ2 ''^ (2-7) 

•^0 Si Si Sj 

and equating the coefficient of in eq. (12. 2p . we get: 

.,. Si Sj ... [Si Sj J 

= V'{s,)K'ixo,s.)-j-±-^-2j2J: 



(2. 



- ZZlui^i^ Sj^ixo - Ski' 
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Notice from eq. (12.61) . that K{xo, Si) has only double poles in xq, with no residue: 



Res K{xo, Si) = 



Then, taking the residue at Xq —>■ Sk in eq. (12. 7p . we see that: 

h Res K'{xo,Si) = -6i^k 



(2.9) 



:2.10) 



Then, taking the residue when xq —>■ Si in eq. (12. 8p . implies that the Sj's are Bethe 
roots, i.e. they must obey the Bethe equation: 



Vz = 1, 



2^ E = ^'(^^) 



Then eq. (12.81) becomes: 



1 



A. 



.,. {Si Sjj 



(2.11) 



(2.12) 



i.e. by comparing the coefficient of l/{xo — s^Y on both sides: 



Si,k = lv"{si)A^k + 2Y, 



(Si - Si)"^ 



i.e. A is the inverse of the Hessian matrix T: 



A = T-^ 



Ti^i - \V"{si) + 2 Y^j^i (s,-s,)2 



T, 



1 



h dsidsj 



(2.13) 



(2.14) 



(2.15) 



k kj^l 

Therefore the Bethe ansatz equations eq. (12.111) (as well as eq. (12.131) ) are the 
necessary conditions for K{xq, x) to be analytical when x — > Sj. Those conditions are 
necessary, but also sufficient conditions, as one can see by solving explicitely the linear 
ODE for K. 



K{xo,x)= r dx'G{xo,x') ei(^(-')-^(-)) T] ^ 

Jc V [X' 



X Si 



[2A6) 



Remark 2.1 Notice that K{xq,x) is not analytical everywhere, it has a logarithmic singu- 
larity at X = xo, and it has essential singularities at the poles of V . 
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Remark 2.2 Notice that if one solution of the ODE is analytical near all Sj's, then all 
solutions have that property. Indeed, all the solutions differ by a solution of the homogeneous 
equation, i.e. by: 

^2.17) 

i 

which is clearly analytical near the Sj's. 

So, for the moment, the requirements 1-5 determine G{xq,x) uniquely, but K[xq,x) is 
not unique. Let us choose one possible K{xq,x), and we prove below in theorem 13. 4^ that 
the objects we are going to define, do not depend on the choice of K. 

Remark 2.3 In what follows, it is useful to compute the Taylor expansion of K near a root 
Si. We write: 

oo 

K(xo, x)=Y, Ki,k{xo) {x - s^)'' (2.18) 

k=0 

The coefficients Ki k{xo) are themselves rational fractions of xq, and are computed in appendix 



2.4 Schroedinger equation 

It is well known that the Bethe condition can be rewritten as a Schroedinger equation 
[HE]. We rederive it here for completeness. 
Define the wave function: 

m m ^ 

^(x) =rf(x-s,) e-^^^"^ , oj{x) = h'Y (2.19) 

X - Si 

1=1 1=1 

Y{x) = -2h^i^ = V'{x) - 2lo{x) = V'{x) - 2^^^ (2.20) 



then compute: 

U{x) = Y'^- 2hY'{x) = AH 



2 r,k\^'/^\ _ /1fc2^"(^) 



ip{x) 

V'ixY - 2hV"{x) + 4{uj{xy - V'{x)uj{x) + huj'{x)) (2.21) 



We have: 



uixf + hv'ix) = 1 T-^'Er^ 

^-^ [x — Si)[x — Si) ^-^ [x — SiY 
= ^'Et ^ 

^ {X-Si){x-Sj) 

(2.22) 

which is a rational fraction with only simple poles at the Sj's. The residue at Si is 
2^' E,^, = hV'is,), and thus: 

uj(x? + hw'ix) = nY ^'^'^'\ (2.23) 
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which impUes: 



uj{xf - V'{x)uj{x) + huj'ix) = -hJ2 



V'{x) - V'{s,) 



iX - Si 



and thus: 



U{x) = V'ix f - 2hV"{x) -4:hJ2 



V'(x) - V'is^ 



i=l 



X Si 



(2.24) 



:2.25) 



Therefore U{x) is a rational fraction with poles at the poles of V (of degree at most 
those of V'"^), in particular it has no poles at the Sj's. 
U is the potential for the Schroedinger equation for ip: 



(2.26) 



As announced in the introduction, this equation can be encoded in a D-module 
element: 

£{x,y)=y^ -hj{x) , ?/ = ^^ , [y,A = ^ (2-27) 

i.e. 

£(x,y).^ = (2.28) 

Notice that the Schroedinger equation is equivalent to a Ricatti equation for Y = 
-2hilj'/ilj: 



Y^ - 2hY' = U 



(2.29) 



2.5 Classical limit 

We shall come back in more detail to the classical limit h ^ in section |H However, 
let us already make a few comments. 

• In the classical limit, the Ricatti equation becomes an algebraic equation (hyper- 
elliptical), which we call the (classical) spectral curve: 

Yl = U{x) (2.30) 

The function Yci{x) = ^/U{x) is therefore a multivalued function of x, and it should 
be seen as a meromorphic function on a branched Riemann surface (branching points 
are the zeroes of U{x)). We shall see below that in the limit h —>■ 0, the kernel B{xo, x) 
tends towards the Bergmann kernel of that Riemann surface. 

In other words the classical limit is expressed in terms of algebraic geometry. 

In fact, in this article we are going to define non- commutative deformations of 
certain algebraic geometric objects in section [51 
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3 Definition of correlators and free energies 



In this section, we define the quantum deformations of the symplectic invariants intro- 
duced in [ini [13] • The following definitions are inspired from (not hermitian) matrix 
models. The special case of their application to matrix models will be discussed in 
section [61 

3.1 Definition of correlators 

Definition 3.1 We define the following functions wjf \xi, . . . , a;„) (called n-point cor- 
relation function of "genus% g) by the recursion: 

Wi^\x) = uj{x) = hY , Wi°\xi,X2)=B{xi,X2) (3.1) 



X — s 

1=1 



+1* 

9 I 

(9-1), 



Res i^(xo, x) <+t^(x, x,J) + Y.Y. ^)^n-\iU^^ J 1 1) 



(3.2) 



i=l \ h=0 ICJ 



where J is a collective notation for the variables J = {xi, . . . ,Xn}, and where ^ Yl' 
means that we exclude the terms {h = 0, 1 = ^) and {h = g,I = J), and where: 

(xi, x„) = Wi^\x,, x„) - . ^ (3.3) 

Z [Xi — X2j 



Remark 3.1 This is exactly the same recursion as in |13j, the only difference is that the 
kernel K is not algebraic, but it is solution of the differential equation eq. (j2.2p . We shall 
show in section [U that in the limit ^ 0, it indeed reduces to the definition of [13j. 

Remark 3.2 We say that Wn^ is the correlation function of genus g with n marked points, 
and sometimes we say that it has characteristics: 

X = 2 - 25 - n (3.4) 

By analogy with algebraic geometry, we say that Wn^ is stable if x < and unstable if 
X > 0. We see that all the stable Wn'^^s have a common recursive definition def l3.lt whereas 
the unstable ones appear as exceptions. 

Remark 3.3 In order for the definition to make sense, we must make sure that the be- 
haviour of each term in the vicinity of x — > Sj is indeed locally meromorphic so that we can 
compute residues, i.e. there must be no log-singularity near Sj. In particular, the require- 
ment of section [2^ for the kernel K is necessary. In other words, a necessary condition for 
definition eq l3.2l to make sense, is the Bethe ansatz ! 



^here g is any given integer, it has nothing to do with the genus of the spectral curve. 
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3.2 Properties of correlators 



The main reason of definition. 13.11 is because tfie lyi^^'s liave many beautiful proper- 
ties, which generahze those of [T3] . 

We shall prove the following properties: 

Theorem 3.1 Each M/i^^ is a rational function of all its arguments. It has poles only 
at the Si 's (except W2^\ which also has a pole at xi = X2)- In particular it has no poles 
at the ai's. Moreover, it vanishes as 0{l/xi) when x-i — ^ oo. 

proof: 

in appendix [B] □ 

Theorem 3.2 The Wn^ 's satisfy the loop equation, i.e. Virasoro-like constraints. 
This means that the quantity: 

+ ^iWtuUx, J 1 1) + w'!;^\x, X, J) 



P^^\(x;a;i...,x„) = -F(x)VrIf|i(a;, xi, a;„) + hd^W^^l-^{x,xi...,Xn) 



ICJ 



^w^:\x,.j/{j})-w^:\x„.j/{j}) 



(3.5) 



{X - Xj) 



is a rational fraction of x (possibly a polynomial), with no pole at x = Sj. The only 

(9) I 

1+1 1 



possible poles of P^^^i{x;xi...,Xn) are at the poles ofV'{x), with degree less than the 



degree of V . 

proof: 

in appendix [C] □ 

Theorem 3.3 Each W^'^ is a symmetric function of all its arguments. 
proof: 

in appendix [Dl with the special case of wf^ in appendix [Fl □ 

Theorem 3.4 The correlation functions Wn^ are independent of the choice of kernel 
K, provided that K is solution of the equation eq. h2.2) . 

proof: 

in appendix [E] □ 



10 



Theorem 3.5 The 3 point function W^^^ can also be written: 

'{xi,X2,X3) = 4 > Res — 3.6 

i 

(In section\^ we interpret this equation as a non- commutative version of Rauch vari- 
ational formula). 

proof: 

in appendix [F]n 

Theorem 3.6 Under an infinitesimal variation of the potential V —>■ V + 6V , we have: 
Vn > 0, (7 > , SWi'\xi, ...,Xn) = -J2 f^es Wi'},{x, xi, . . . , a;„) 6V{x) (3.7) 

i 

proof: 

in appendix [G] □ 

This theorem suggest the definition of the "loop operator": 

Definition 3.2 The loop operator 6^ computes the variation of wlf"^ under a formal 
variation 6xV{x') = -^z^: 

Wi'\x^, ....Xn) = . . . (3.8) 

The loop operator is a derivation: Sx{uv) = u6xV + v6xU, and we have 6x^6x2 = 5x2'^xi, 

^Xl9x2 dx2^Xl' 

Theorem 3.7 For n > 1, w!f^ satify the equation: 

X^^W^i^Vi>--->a;„) = -^^Re_s^ ^''(xn+i) W^i+i(xi, . . . , x„, a;„+i) (3.9) 

and 



dXi ' ' Xn + l^Si 

1=1 I 



— W''f'{Xi, . . . ,Xn) = - Res Xn+lV'{Xn+l) W^^\^{Xi,. . . ,Xn,Xn+l) 

i=l i 

(3.10) 

proof: 

in appendix [H] □ 

Theorem 3.8 For n > 1, wjf^ satify the equation: 

{2 - 2g ~ n - h—)Wj^ (xi, . . . ,Xn) = -y~] Res V{xn+i) W^^^{xi, . . . , Xn, Xn+i) 
on, ^—^ x„+i^Si 

(3.11) 
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proof: 

We give a "long" proof in appendix [H 
There is also a short cut: 

If one changes h —>■ Xh, and V — * XV, the Sj's don't change, B and G don't change, 
and K changes to jK, thus w!f^ changes by X'^~'^^~^Wn \ The theorem is obtained 
by computing ^X^^~'^~^"-Wn^ = ZIa: ^^"^^ computing the RHS with theorem 



13:61 i.e. 5V = V. 

□ 

3.3 Definition of free energies 

So far, we have defined wjf^ with n > 1. Now, we define F^^^ = Wq^\ 
Theorem 13. 6^ and the symmetry theorem 13.31 imply that: 

SxM'\^2) = W^'\x,,X2) = Wi'\x2,x,) = S,M'\^i) (3.12) 

Thus, the symmetry of VTg^^ implies that there exists a "free energy" F(9) = W^^^ such 
that: 

W}^\x) = 6^F'^3^ (3.13) 
which is equivalent to saying that for any variation 6V: 

SF'^^^ = - V Res W^'^^ (x) 6V{x) (3. 14) 

i 

Therefore, we know that there must exists some F*^^^ = W^^^ which satisfy theorem 13.61 
for n = 0. 

Now, let us give a definition of F^^\ inspired from theorem 13.81 and which will be 
proved to satisfy theorem 13.61 for n = 0. 

Definition 3.3 We define F'^^^ = W^^^ by a solution of the differential equation in H: 
yg>2 , (2-2^-n— )F(^) = - VRes iyi^^^(a;)F(x) (3.15) 



more precisely: 

-h 



Jo ^x^s, ^ ' 1 ^ 



(3.16) 



And the unstable cases 2 — 2g > are defined by: 



F^"^^ = h^J2^n{s, - Sj) - hJ^Vis,) (3.17) 



12 



1 f(°) 

= -lndetv4 + ln(A(s)=^) + — ^ (3.18) 

2 h'^ 

where A(s) = rii>j('5i ~ ^j) ^■^ Vandermonde determinant of the Si's. 
Properties of the F*^^^'s: 

The definition of the F*^^^'s, is made so that all the theorems for the Wn"*^^, hold 
for for n = as well. Proofs are given in appendices [J| [K| [Ll 

Explicit computations of the first few F^^^'s are given in section [7] and appendix [Ml 

4 Classical limit and WKB expansion 

In the ^ ^ limit, all quantities can be expanded formally into powers of h: Write: 
Wl^\xi, ...,Xn) = Y^ h^Wl^^^\xi, . . . , x„) , = ^'F^''"^ (4-1) 

k k 

4.1 Classical limit 

Here we consider the classical limit /i — > 0. We noticed in section 12.51 that in that 
limit, the Ricatti equation 

y2 - 2hY' = U = V''^ - 2hV" - AP (4.2) 

where P{x) = - ^^^57-^, becomes an algebraic hyperelliptical equation: 

Yci^ = U{x) = V'{xy - 4P(x) (4.3) 

i.e. 

Y{x) ~ Y^i{x) = y^V'ixy - AP{x) (4.4) 

Yci{x) is a multivalued function of x, and it should be seen as a meromorphic function 
on a 2-sheeted Riemann surface, i.e. there is a Riemann surface S (of equation = 
^ciix, y) = y"^ — 4?7(x), such that the solutions of £c\{.x, Z/) = are parametrized by two 
meromorphic functions on S: 

ax,y) = ^ 3zGs|^:^{^j (4.5) 

The Riemann surface S has a certain topologjE characterized by its genus "g. It has 
a (non- unique) symplectic basis of 21] non-trivial cycles Ai fl Bj = 6ij. 



^This genus g has nothing to do with the index g of F'^^ or w!f\ 



13 



The meromorphic forms on E are classified as 1st kind (no pole), 3rd kind (only 
simple poles), and 2nd kind (multiple poles without residues). 

There exists a unique 2nd kind differential B^i on S, called the Bergmann kernel, 
such that: Bci{zi, Z2) has a double pole at zi — * 2:2, and no other pole, without residue 
and normalized (in any local coordinate z) as: 

Sci(^i,^2) ~ -^^i^+reg , V^ = l,...,^, (f B,i = (4.6) 

^2-^1 {Zi - Z2)^ J A, 

We define a primitive: 

Gci(zo,^) = -2 / 5ei(^o,^') (4.7) 



which is a 3rd kind differential in the variable 2:05 if is called dEz{zQ) in 
When h = 0, the kernel K{zq, z) satisfies the equation: 

which coincides with the definition of the recursion kernel in |13j . 

4.2 WKB expansion of the wave function 

When h is small but non-zero, we can WKB expand ip{x), i.e.: 

^(a;) ~ e-^r Y.,{x')dx' 1 I 1 + V h'^Mx) ] (4.9) 

V^ci(a;) V V / 

i.e. 

00 

+ (4.10) 

k=l 

The expansion coefficients Yk can be easily obtained recursively from the Ricatti equa- 
tion: 

k-l 

2Y,,Y, = 2YU-Y.^,Y,., (4.11) 

For instance: 

4.3 h expansion of correlators and energies 

The kernel K{xo, x) can also be expanded: 

00 

K{xo,x) = Kci{xo,x) + ^h''K(k){xo,x) (4.13) 

k=l 
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where i^'(o) = is the kernel of [T3] : 



(4.14) 



This imphes that the correlators Wn can also be expanded: 



oo 



Wi^\x^, ...,Xn) = J2h' W^f''\x^, . . . ,x„) 



(4.15) 



where the Wr 



i9,k) 



are obtained by the recursion: 



n 



k 




^ ^ Res K(^k-i){.XQ, x) W^i+2^''\x, x, J) 



1=0 i 



g I I 



(4.16) 



h=0 j=0 IGJ 



where J = {xi, . . . , 

Therefore, we observe that to leading order in h, the lim^i^o Wn''''' = wlf'^'' do 
coincide with the Wn^ computed with only K^, and thus they coincide with the Wn^ 

of [13]. 

And also, the h expansion must coincide with the diagrammatic rules of [7] . 

5 Non- commutative algebraic geometry 

We have seen that in the limit h —>■ 0, the correlation functions and the various functions 
we are considering, are fundamental objects of algebraic geometry. For instance B is the 
Bergmann kernel, and K is the recursion kernel of [13j , which generates the symplectic 
invariants Fg and the correlators W-jf^ attached to the spectral curve Yc\{x). 

In this paper, when h 0, we have defined deformations of those objects, which 
have almost the same properties as the classical ones, except that they are no longer 
algebraic functions. 

For instance we have: 

• Spectral curve 

The algebraic equation of the classical spectral curve is replaced by a linear 
differential equation: 




(5.1) 
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In other words the polynomial S{x, y) is replaced by a non-commutative polyno- 
mial with y — hdx, i.e. [y, x] — h. 

Here, our non-commutative spectral curve is: 

8{x,y)=y^-U{x) , y = Hd, (5.2) 
Notice that it can be factorized as: 

^i^,y)-iy-^)iy + ^) (5-3) 

where Y{x) is solution of — 2hY' = U. 

• Bergmann Kernel B{xi,X2) 

The non-commutative Bergmann kernel B{xi, X2) is closely related to the Inverse 
of the Hessian T, i.e. to A^T~^: 

A property of the classical Bergmann kernel Bc\{xi, X2) is that it computes deriva- 
tives, i.e. for any meromorphic function f{x) defined on the spectral curve we 
have: 

df{x)^- Res B,,{x,X2)f{x2) (5.5) 

i^2^polcs of / 

Here, this property is replaced by: for any function f{x) defined on the non- 
commutative spectral curve (i.e. with poles only at the Sj's), we have: 

f{x) = -2 V Res B{x,X2)f{x2) dx2 (5.6) 

i 

The factor of 2, comes from the fact that the interpretation of x, and thus of 
derivatives with respect to x, is slightly different. In the classical case, the dif- 
ferentials are computed in terms of local variables, and x is not a local variable 
near branch-points. A good local variable near a branchpoint a, is ^/x^^. In 
the non-commutative case, the role of branchpoints seems to be played by the 
Sj's, and x is a good local variable near Sj. 

• Rauch variational formula: In classical algebraic geometry, on an algebraic 
curve of equation S{x,y) = j ^ijx^y-' = 0, the Bergmann kernel depends only 
on the location of branchpoints Oj. The branchpoints are the points where the 
tangent is vertical, i.e. dx{ai) = 0. Their location is Xi = x{ai). The Bergmann 
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kernel is only function of the Xj's, and the classical variational Ranch formula 

dBa{zi,Z2) ^ Bci{z,zi) Bci{z,Z2) ,^ 
dxi z^a-i dx{z) 

Equivalently, we can parametrize the spectral curve as x{y) instead of y{x), and 
consider the branchpoints of y, i.e. dyipi) = 0, whose location is yi = y{bi), and 
we have: 

dBci{zi,Z2) ^ Bd{z, zi) Bd{z, Z2) 
oyi z^h dy[z) 

Here, in the non-commutative version, theorem 13.51 and theorem 13.61 implies that 
under a variation of the spectral curve, we have: 

KUl \ ^ \^T3 B{x,Xi)B{x,X2) , . , . 

5B[xi,X2) = -- y^Res — — 5Y[x) 5.9 

i ^ ' 

Consider the branchpoints hi such that Y'ipi) = 0, and define their location as 
Yi = Y{bi), by moving the integration contours we have: 

xnf X 1\^T? B{x,xi)B{x,X2) , . 
dB{xi,X2) = - > Res — — 6Y{x)dx 

2 ^-^ x^b, Y'{x) 



- V 6Yi Res 



B(x, xi)B(x, X2) 



2 ^ ^^b, Y'(x) 
(5.10) 



dx 



dB{x^ = 1 Res B{x,x,)B{x,X2) 

dYi 2 x^b, Y'{x) ^ ' 

which is thus the quantum version of the Ranch variational formula eq. (15.81) . 

Those properties can be seen as the beginning of a dictionary giving the deforma- 
tions of classical algebraic geometry into non-commutative algebraic geometry. 

Conjecture about the symplectic invariants 

The Fg's of [I3j are the symplectic invariants of the classical spectral curve, which 
means that they are invariant under any cannonical change of the spectral curve which 
conserves the symplectic form dx A dy. For instance they are invariant under x 
y,y -X. 

Here, we conjecture that we may define some non-commutative F(f)'s which are 
invariant under any cannonical transformation which conserves the commutator [y, x] = 
h. This duality should also correspond to the expected duality P — > 1//3 in matrix 
models, cf [TTl E]- 

However, to check the validity of this conjecture, one needs to extend our work to 
differential operators of any order in y, and not only order 2. We plan to do this in a 
forthcoming work. 
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6 Application: non-hermitian Matrix models 



The initial motivation for the work of [13J, as well as this present work, was initially 
random matrix models. The classical case corresponds to hermitian matrix models, 
and here, we show that h ^ corresponds in some sense to non-hermitian matrix 
models ^UM- 

In this section, we show that non-hermitian matrix models satisfy the loop equation 
eq. (IC.ip of theorem 13. 2[ 

We define the matrix integral over -Em,2/3 =set of m x m matrices of Wigner-type 2/3 
{Em,i = real symmetric matrices, Em,2 = hermitean matrices, Era,A = real quaternion 
self-dual matrices, see [16]): 

Z= f ^Me-^v^Try(M) (g_;L) 

-Em, 2/3 

where is some arbitrary constant, not necessarily related to the matrix size m. 
It is more convenient to rewrite it in terms of eigenvalues of M (see [TB]): 

Z = [ dX,...d\m \\{X, - n e-^^^(^^^ (6.2) 

i>j i 

This last expression is well defined for any (3, and not only 1/2, 1, 2, and for any contour 
of integration C on which the integral is convergent. 
We also define the correlators: 

WJxi, ...,Xn) = < Tr . . . Tr >^ 

nJb] t-—- . . . ^ , , In Z (6.3) 
i.e. in terms of eigenvalues: 

W„(xi,...,x„) =< ^ \ ...^ — ^T->c (6.4) 

In order to match with the notations of section [HI we prefer to shift W2 by a second 
order pole, and we define: 

Wn{Xx, . . . , X„) = Wn[Xx, . . . , X„) + — (6.5) 

Z\X\ — X2) 

We are interested in a case where Z has a large expansion of the form: 

00 

InZ r^J2^^~^^ ^9 (6-6) 

g=o 

and for the correlation functions we assume: 

^ 00 

Wn{x,,...,xn) = -^ J2N'-''-''Wi^\x,,...,Xn) (6.7) 

^ 5=0 
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6.1 Loop equations 

The loop equations can be obtained by integration by parts, or equivalently, they 
follow from the invariance of an integral under a change of variable. By considering 
the infinitesimal change of variable: 

\i^K + e—^ + 0{e^) (6.8) 

we obtain: 

N^/]3{V'{x) Wn+l{x, Xi, . . . , Xn) - Pn+l{x] Xi , . . . , Xn) ) 

= l3Y,Wmj\{x,J)W^+n-\j\{x,L/J) 

J CL 

+pWn+2ix,X,Xi, ...,Xn) 

d — 

-(1 - Wn+l{x, Xi,...,Xn) 

A d Wn{x,L/{Xj}) -Wn{Xj,L/{Xj}) 

where P„+i(x; xi, . . . , is a polynomial in its first variable x, of degree + deg V — 
2. 

If we expand this equation into powers of N using eq. fl6.7l) . we have Vn, g: 
V\x) W^i+i(x, xi, . . . , x„) - Pi+\(x; Xi, . . . , Xn)) 

g'=0 JgL 

+/3W^i+2^\x>a;,xi, . . . ,x„) 
+^^W^n+i(a;5a;i,...,x„) 

A d Wy(x,L/{x,})-Wy(x„L/{x,}) 

hinr' . Y' IT ■ 

j=i ■' 

where 

n=^^ (6.11) 

Those loop equations coincide with the loop equations eq. (13. 5p of theorem 13.21 
Moreover we have: 

TFl" ^ ^ (6.12) 



and near x ^ oo: 
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I.e. 

W['\x) r^— + 0{llx^) , Wi'\x) ~ -— ^^jl~^^l +0{l/x') (6.14) 

X X g]{g-iy. 

One should notice that the loop equations are independent of the contour C 
of integration of eigenvalues. The contour C is in fact encoded in the polynomial 



6.2 Solution of loop equations 

To order g = 0,n = 1 we have: 



V'(x) Wl''\x) - pI''\x) = Wi''\x? + Wi'^^x) (6.15) 

ox 



which is the same as the Ricatti equation eq. (I2.2ip . 

As we said above, the contour C is in fact encoded in the polynomial Pf^\x). From 
now on, we choose a contour C, i.e. a polynomial P^\x) such that the solution of the 
Ricatti equation is rational: 

m ^ 

W[''\x) = h^^— (6.16) 

. X Si 
1=1 

It also has the correct behaviour at oo: wl'^\x) ~ This corresponds to a certain 
contour C which we do not determine here. 

omce (x) = uj{x) satisfies the Ricatti equation, i.e. the Bethe ansatz, the kernel 
K exists, and we can define the functions K{xo,x), G{xo,x) and B{xq,x). 

Then, from eq. fl6.12p . we see that every W^J^^ is going to be a rational fraction of 
X, with poles only at the Sj's. In particular, Cauchy theorem implies: 

W^^l^{xo,xu...,Xn) = Res G{xo,x)w''Jll^{x,xi,. . . ,Xn) (6.17) 

X—^XQ 

and since both G{xq,x) and W^l+i( rational fractions, which vanish 

sufficientely at oo, we may change the integration contour to the other poles of the 
integrand, namely: 

, Xi , . . . , Xn ) 

= -y^ResG{xo,x)W^^l^{x,Xi,...,Xn) 

i 

= - ^ Res w'^^liix, xi,..., Xn) {2ui{x) - V'{x) - hdx)K{xo, x) 

i 

= - Res K{xo, x) {2uj{x) - V\x) + fid^)W^^L{x, Xi, . . . , x„) 
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(6.18) 



Now, we insert loop equation eq. fl6.10p in the right hand side, and we notice that the 
m P,jf^i ar 
We thus get: 



term -P^^\ and ^" do not have poles at the Sj's, so they don't contribute. 



W^i+i(a;o,a;i, . . . 



Res K{xo, x) ( Vri+2^''(a;, x,xi,...,Xn) 



a 



+ E E <iV^' ^)<~n-iii(^' L/J)) (6-19) 

g'=0 JCL 

i.e. we find the correlators of def 13.11 

Special care is needed for W2^\ We have: 

W2\xo,Xi, . . . ,x„) 

-^Res/s:(xo,x) {2uj{x)~V'{x) + hd^)W2\x,xi) 

i 

= y Res K{xo, 



J ti;(x) 



Si - Xif 



(6.20) 

which also agrees with def 13.11 

7 Application: Gaudin model 

The Gaudin model's Bethe ansatz is obtained for the potential: 



. X 0L{ 
1=1 



i.e. it corresponds to a Gaussian matrix model with sources: 

Z = I dM e-^TrA/^ J]det(a, - M)-""'^^ (7.2) 



TV 

Z can also be written in eigenvalues: 



with h — 



rfAi . . . dA„ ^1-'=^'' ' ' ^ Y\(Xi - X,?^ (7.3) 
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7.1 Example 

Consider: 

2 2 

V'(x)=x-— , V(x) = — -s^\nx (7.4) 
X 2 

With only 1 root m = 1, the solution of the Bethe equation V'{x) = is x = s. 
Thus we have: 

uj(x) = — ^ (7.5) 
X — s 

= 2ix,-x,y + 2(x, - snx, - sy ^^-'^ 

We find: 

TT.(O), X ^ / 1 1 1 1 

a^i,a;2,a;3 = 777 W7 W7 + + + tt 

2[Xi — sj^(x2 — sj (3^3 — s) — s a;2 — s 0:3 — 5 2s 

(7.7) 

Wi'^ (x) = ^. ^ . + ^ , ^ + ^, ^ (7.8) 
^ h{x - s) 4s(x-s)2 2(x-s)3 

For the free energies we have: 

F(o) = :^(lns2-l) (7.9) 

= ^ + ^ f7 12) 

and 

Z = e^« = e-^^^^'^) ^ (1 ^ + ) (7 13) 



which is indeed the beginning of the saddle point expansion of: 

Z = y rfx e-^^ (7.14) 

8 Conclusion 

In this article, we have defined a special case of non-commutative deformation of the 
symplectic invariants of [13]. Many of the fundamental properties of [T3] are conserved 
or only slightly modified. 

The main difference, is that the recursion kernel, instead of beeing an algebraic 
function, is given by the solution of a differential equation, otherwise the recursion is 
the same. 
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The main drawback of our definition, is that it concerns only a very restrictive 
subset of possible non-commutative spectral curves. Namely, we considered here only 
non commutative polynomials £{x,y) = ^^V^ with y = hd^, of degree 2 in y, 

and such that the differential equation S{x, hd).ilj = has a "polynomial" solution of 
the form tjj{x) = YHLii^ ~ ^i) e~^^^^^'^'^. 

It should be possible to extend our definitions to other "non-polynomial" solutions 
ip (with an infinite number of zeroes m = oo for instance), and/or to higher degrees 
in y. In other words, what we have so far, is only a glimpse on more general structure 
yet to be discovered. 

For example, it is not yet clear how our definitions are related to matrix integrals. 
We have said that the integration contour for the eigenvalues should be chosen so that 
the solution of the Schroedinger equation is polynomial of degree m, however, it is not 
known how to find explicitly such integration contours. Conversely, the usual matrix 
integrals with eigenvalues on the real axis, do probably not correspond to polynomial 
solutions of the Schroedinger equation. Similarly, it is not clear what the relation- 
ship between our definitions and the number of unoriented ribbon graphs is, for the 
same reason. The solution of the Schroedinger equation for ribbon graphs, should be 
chosen such that all the w!f'''^^s are power series in t, and it is not known which inte- 
gration contour it corresponds to, and which solution of the Schroedinger equation it 
corresponds to. 

Therefore it seems necessary to extend our definitions to arbitrary solutions, i.e. to 
arbitrary integration contours for the matrix integrals. A possibility could be to obtain 
non-polynomial solutions as limits of polynomial ones. 

The extension to higher degree in y, can be obtained from multi-matrix integrals, 
and extension seems rather easy for polynomial solutions again. 

Finally, like the symplectic invariants of [I3j, we expect those "to be defined" non- 
commutative symplectic invariants, to play a role in several applications to enumerative 
geometry, and to topological string theory like in [3|. In other words, we expect our 
F^^^^s to be generating functions for intersection numbers in some non-commutative 
moduli spaces of unoriented Riemann surfaces, whatever it means... 
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A Appendix: Expansion of K 

Since we have to compute residues at the Sj's, we need to compute the Taylor expansion 
of K{xq, x) when x — > 

K{xo, x) = - s,)' ir,,,(xo) (A.l) 

k 

For instance we find: 



(A3) 



1 V"'{s,, 



^. {Sa - Si)^ h 2 
a=f:i 



i,0 



+ I + 2 V V ^ 

(AA) 

Thanks to property eq. flE.4l) . we may assume (but it is not necessary) that: 

Ki,2 = (A.5) 

Then, we have the recursion for k > 0: 

nff^ K,,k-i l^ v(^+i)(g,) N 

- (xo - s,)^+i ~^^^{sa- s,)'=+i'(xo - s,y ^^-^^ 

a=f=i J 

This proves that each Ki^i:{xo) is a rational fraction of Xq, with poles at the s/s. 
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A.l Rational fraction of xq 

Thus we write: 



For instance we have: 

fiKi^i;j,k' = -^k',A,j - 25fe',2 ^ — 3^ (A.9) 
For higher k we have the recursion: 

In particular, it shows that if k' > 2, then Ki^k;i,k' is proportional to Sij. 

A. 2 Generating functions 

We introduce generating functions: 

Ri;3,k'{.x) = ^ Ki^k;j,k' {X - Si)'' (A. 11) 



fc// Y^'^ ^ik-l-jk' 'i- V^'''^-^\si) \ 

n\^{l - k)Ki,k+l;j,k' -'^2^2^ ( ~ ft 71 ^i,k-l;j,k') 

a^i 1=1 ^ " 1=1 



We have: 



h (2^^ - a.) i?,,- fe'(x) = - Sif-' + 24',2 E (A.12) 



I.e. 



In particular with A;' = 1 we find: 

R^■,j,l{x) = ^-f^P{x)m (A.14) 



where 



r dx' 

0(x) = V(^)y^^ , - V' = 1 (A.15) 
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B Appendix: Proof of theorem 13.1 



Theorem 13.11 Each W^f'' is a rational function of all its arguments. If 2g + n — 2 > 0, 
it has poles only at the Sj 's. In particular it has no poles at the ai 's, and it vanishes 
as 0{l/xi) when Xi — >• oo. 

proof: 

It is easy to check that W^^\ W^2°^ satisfy the theorem. 

We will now make a recursion over — % = 2g — 2 + n to prove the result for every 
(n, g). We write: 

W^^}^{Xo, Xi,...,Xn)=Y] ^(^0, X) U^+i{x, Xi,..., Xn) (B.l) 

i 

where J = {xi, . . . , Xn}, and 

h=0 ICJ 

First, the recursion hypothesis clearly implies that f/^+i( rational 
fraction in all its variables x,xi, 

Then we Taylor expand K{xo,x) as in eq. (lA.ip or eq. (1A.7P 



W^f^{xo,xi, . . . ,Xn) = y^ Res K{xo,x)U^^}i{x,xi, . . . ,Xn) 

i 

^ — ' ^ — ' a;— >Si 

i k 

(5.3) 



Since t^^+i( rational fraction of x, the sum over k is finite, and there- 

fore, Wnli{xQ,xi, . . . ,a;„) is a finite sum of rational fractions of xq, with poles at the 
Sj's, therefore it is a rational fraction of Xq with poles at the Sj's. 

It is also clear that PF^^\(xo, xi, . . . , x„) is a rational fraction of the other variables 
xi,...,x„. The poles in those variables are necessarily at the s/s, because as long 
as the residues can be computed, PV^^\(xo, Xi, . . . , x„) is finite. The residue cannot 
be computed everytime an integration contour gets pinched, and since the integration 
contours are small circles around the s^'s, the only singularities may occur at the Sj's. 

It remains to prove that each Wn'^ behaves like 0(l/xj) at oo. The proof follows 
the same line: each Ki^k{xo) behaves like O(l/xo), and by an easy recursion the result 
holds for all other variables. □ 
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C Appendix: Proof of theorem 13.2 



In this subsection we prove theorem 13. 2[ that all Wn^^^s satisfy the loop equation. 
Theorem 13.21 The Wlf^ 's satisfy the loop equation, i.e. the following quantity 

P^^\{x;xi...,Xn) = -Y{x)W^J^l-i^{x,xi, ...,Xn) + hdxW'fli{x,xi...,Xn) 



'TItW ^ \Tf?^9-^) 1^ T/T\ , T?7(9-l)/ 

ICJ 



+ E xj)wtiUx, J/ 1) + WZ,\x, X, J) 

^w^:\x,j/{j})-w^:\x„j/{j}) 



(C.l) 

is a rational fraction of x (possibly a polynomial), with no pole at x = Si. The only 

(9) I 

1+1 1 



possible poles o/P^^\(x; are at the poles ofV'{x), and their degree is less than 



the degree of V . 
proof: 

First, from theorem 13.11 we easily indeed a rational 

function of x. Moreover it clearly has no pole at coinciding points x = xj. 
Then we write Cauchy's theorem for 

wjf\{xo,...,Xn) = Res — - — w!f_l^{x,xi,...,Xn) 

x^xo X — Xq 

= ResG(xo,x)l^ifi(x,Xi,...,x„) (C.2) 

and using again theorem 13.11 i.e. that wjf^i has poles only at the Sj's, and that both 
and G{xo, x) behave as 0(1/ x) for large x, we may move the integration contours: 

iyii(xo,...,x„) = - VResG(xo,x) wii,{x,x^, ...,x^) (C.3) 



X 

i 



Then we use the definition of K, and integrate by parts: 

wif_l,{xo, ...,Xn) = V Res{Y{x)K{xo, x) + hK'{xo, x))wi'l,{x, x,, ...,Xn) 

i 

ERes K[xq,x) 



hd^w''^l^{x,Xx,...,Xn)^ 

(C-4) 



From the definition we have also 
iyii(xo,...,xO 
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(as) 



,fe=0 ICJ 



then we shift wjf^ to W^Jf^ in the RHS, i.e.: 



^ ix- x,y J 



h=0 ICJ 



^ Res K{xo, x)[Y.Il KU^^ mti'Ux, J /I) + W^^^^ix, x, J) 

i ' h=0 ICJ 

^j^d^ l^ W^n{x,J/{j})-W^:\xj,J/{j}) ^^^ 



{C.6) 



in the last hne we have added for free, the term W^^\xj, J/{j}) because it has no pole 
at X = 

Therefore we have: 

= y^ResK{xo,x)(-Y{x)wi'l^{x,xi,...,Xn) + hd,w!f_l^{x,xi,...,Xn) 

i 

+ E E ^wti'li i^, J 1 1) + w^:^2 {x, X, J) 

h=0 ICJ 

^j^d^ l^ W^n{x,J/{j})-W^:\xj,J/{j}) ^^^^ 



i=i 

ERes K{xo, a;)P^^\(x; xi, ...,Xn) 



= y^y^Ki^kixo) Res{x - Si)'' P^^^^{x;xi,...,Xn) 

i k 

{C.7) 

Notice that this equation holds for any xo- Since Ki^kixo) is a rational fraction with 
a pole of degree k + 1 in xq — Sj, the Ki^k{xo) are linearly independent functions, and 
thus we must have: 

yk,i = Res(x - Si)'' Pi5i(x; x^, x„) (C.8) 
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this means that Pjf^i has no pole at x = Sj. 

One easily sees that P^^\(x; xi, . . . , x„) is a rational fraction of x, and its poles are 
at most those of Y{x), i.e. at the poles of V'{x). □ 



D Appendix: Proof of theorem 13.3 

Theorem [HI Each W^^^ is a symmetric function of all its arguments. 
proof: 

The special case of W^^ is proved in appendix [F] above. It is obvious from the 
definition that Wiji (xo, Xi, . . . , Xn) is symmetric in xi, X2, ■ ■ ■ , Xn, and therefore we 
need to show that (for n > 1): 

W^iJi(xo,Xi, J) - W^ii(xi,Xo, J) = (D.l) 

where J = {x2, ■ ■ ■ , Xn}- We prove it by recursion on — % = 2g — 2 + n. 

Assume that every wj.'^^ with 2h + k — 2 < 2g + n is symmetric. We have: 

w!fUxo,x,,J) 

= y"ResK{xo,x) (wif-2\x,x,XuJ) + 2 B{x,Xi)Wjf\x, J) 

i 



a 



+2EE w!,%^{x,x,j)wl^';^^{x,j/i) 

h=0 I&J 

{D.2) 



where Yl' means that we exclude the terms (/ = 0, /i = 0) and {I = J, h = g) . Notice 
also that Wj^_^_2^ = because n > 1. Then, using the recursion hypothesis, we 



have: 



w!f}^{xo,xi,J) 
= 2y"ResK{xo,x) B{x,xi)Wjf\x,J) 

i 

+ Res Res K{xo,x)K{xi,x') (w^^^^\x,x,x',x',J) 

h I 
I 

+2 E E ^3+|/|(^'' ^' ^' ^)^n-\n'\^'^ Jl^) 
h I 

+2 E E ^n-iii J/n [wt+m ^) 
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+2 E E <i/'i (^'' ^')<r.PiPi w, I /I')] ) 

{D.3) 

Now, if we compute W^^^i{xi,xo, J), we get the same expression, with the order of 
integrations exchanged, i.e. we have to integrate x' before integrating x. Notice, by 
moving the integration contours, that: 

Res Res — Res Res = —Sij Res Res (D.4) 

X ^ 5 j X — ^ S j X — ^ Sj X ^ 5 j X ^ Sj^ X — ^ X 

Moreover, the only terms which have a pole at x — x' are those containing B{x,x'). 
Therefore: 

wi'^,{xo,x,,J)-Wi'l{x,,Xo,J) 

2 V Res {K{xo, x) B{x, Xi) - K{xi,x) B{x, Xq)) Wjf\x, J) 

i 

-2 V Res Res K{xo,x)K{xi,x') B{x,x') ( 

' X^Si x'^x \ 

i 

2W[ll'\x\ x,J) + 2Y,j2 J/I)KU^', I)) 

h leJ 

{D.5) 

The residue ReSj;/-,.^; can be computed: 

w!fl{xo,x^,J)-Wi'U^^,xo,J) 
= 2j2^^^iK{xo,x) B{x,xi) - K{xi,x) B{x,Xo)) Wi^\x,J) 

X ^5 j 

i 

"Ejff. ^i^o,x)-^(^K{xi,x') 

i 

2W}ll'\x',x,J) + 2j2Yl ^iH/?(^'^/^)<U^''^)) 

h leJ ^ ^ 

= 2'^Res{K{xo,x) B{x,xi) - K{xi,x) B{x,xo)) Wi^\x,J) 

X ^Sj 

i 

— Res K{xo, x)K'{xi 

X ^Sj, 

i 

2Will'\x,x,J) + 2Y,Y. ^n-\i\i^^J/nKU^^^) 

h leJ 

d f 

~E]!ff. ^(^o,a;)i^(a;i,a;) — 

i 

I 

2W[%-:\x\x,J)^2Y;^ iy(!^,;)(a;,J/J)<],|(a;M)) ^_ 

h leJ ^ 
= 2 y Res (X(xo, x) B{x, Xi) - K{xi,x) B{x, Xo)) W^^\x, J) 

' ^ nr. — >ft^ 



x 
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— > Res K{xo^x)K'{xi^x) ( 

i 

I 

h leJ 

1 V d / 

--VRes ir(xo,x)ir(xi,x)— ( 

h I&J 

(D.Q) 

The last term can be integrated by parts, and we get: 
wiii(a;o,xi,J)-W^ii(xi,xo,J) 

2^Res{K{xo,x) B{x,xi) - K{xi,x) B{x,xo)) Wi'^\x,J) 

i 

+ -^Res (^K'{xo,x)K{xi,x) - K{xo,x)K'{xi,x)^ ^ 

i 

f 

(D.7) 

Then we use theorem 13.21 

l^i^i(xo, a;i, J) - a;o, J) 

2 VRes (fs:(xo,a;) xi) - x) S(x,xo)) Wlf\x,J) 

i 

+ ^Res [k\xq,x)K{xi,x) - K{xq,x)K\xi,x)^ [p^^\x,J) 

i 

+ {Y{x)-hd,)Wi>^\x, J) + Y.^- 

{D.8) 



w!fMx„J/{x,}) 



Since Pn\x, J) and wjf}i{xj, J/{xj}) have no poles at the Sj's, we have: 
w!f^,{xo,x,,J)-Wif,{x,,xo,J) 

2 J^Res {K{xo,x) B{x,xi) - K{xi,x) B{x,xo)) W^^\x,J) 

i 

+ y Res [K' {xq,x)K{xi,x) — K{xq,x)K' {xi,x) 
{Y{x)~hd^)Wi^\x, J) 



iD.9) 
Notice that: 



K'^Ki - KoK[ = {GoK, - Kod) (D.IO) 
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and B 



I G", therefore: 



W^ii(xo, x^, J) - Wii,{x,, xo, J) 
- ^ Res {KoG[ - K.G'o) Wjf^ (x, J) 

i 

{D.ll) 

we integrate the first hne by parts: 

iyii(xo,Xi,J)-W^ii(xi,xo,J) 
= J2 Res {K'.Gi - K[Go) Wi'^\x, J) 

i 

+ V Res [KoGi - K,Go) Wi^\x, J)' 

i 



{D.12) 



Notice that: 



So we find 



K'^G^ - GoK[ = -J (i^oGi - GoK,) 



W^'l.ixo, xi, J) - W!f_l,{xu xo, J) = 



(D.13) 
(D.14) 



E Appendix: Proof of theorem 13.4 



Theorem E.l The correlation functions Wjf ^ are independent of the choice of kernel 
K , provided that K is solution of the equation eq. 

proof: 

Any two solutions of eq. (12.21) . differ by a homogeneous solution, i.e. by ip^^x). 
Therefore, what we have to prove is that the following quantity vanishes: 



J2^esij\x) \wi%'\x,x,J) + Y,T.^i%\('^'^^^tn%\i^ 

i 

Using theorem 13.21 we have: 



h ICJ 



(E.l) 



ResV'^(x) \wi%'\x,x,J)+J2J2 KU^^nwill%^ix,J/I) 

h ICJ 

Res ip'^ix) (Y{x)Wi^\x, J) - hda:Wjf\x, J) + Pjf\x; J) 
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(E.2) 



Then we notice that Pn^ gives no residue, and then we use Y = —2htp'/ilj, and we 
integrate by parts: 

= - h Res tp\x)( 2^ Wjf ^ + d^Wi^^ 
= -n Res U"^ W^A 

= (E.3) 

This means that adding to K{xo,x) a constant times doesnot change the wlf'^^s. 

In fact we may chose a different constant near each Sj, or in other words, we may 
assume that 

Ki,2ixo) = (E.4) 

□ 



F Appendix: Proof of theorem 13.5 

Theorem 13.11 The 3 point function W^^'^ is symmetric and we have: 

uAO)f \ A^T) B{x,Xi)B{x,X2)B{x,X3) , . 

1^3^ '(xi,X2,X3) = 4 > Res -— (F.l) 

^ — ^ x^Si Y (x) 



proof: 

The definition of W^^^ is: 

wP{xo,x,,X2) 
— 2 Res -^"(a^o, x)B{x, Xi)B{x, X2) 

i 

= ^^ResKoG;G'2 

i 

= ^ y Res Ko {{hK'l + YK[ + Y'K^){hK'^ + YK'^ + Y'K^)) 

i 

= - ^ Res 7^0 ( n^K'lK'i + hY{K[K'^ + K'^K'^) + hY'{K';K2 + K'^Ki) 

i 

+Y^K[K'^ + YY\K^K'^ + K[K2) + Y'^K^K2 ) 

(F.2) 

where we have written for short Ki = K{xi, x), Gi = G{xi, x), and derivative are w.r.t. 

X. 
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Since K{xi,x) has no pole when x — >■ Sj, the first term vanishes. Using the Ricatti 
equation Y"^ = 2hY' + U (where U has no pole at Sj), we may replace by 2hY' and 
YY' by hY" without changing the residues, i.e.: 

W^°\xo,Xi,X2) 

= - y Res Ko {hY{K[K'^ + K';K'^) + hY'{K'lK2 + K'^K^) 

i 

+2hY'K[K2 + hY"{KiK2 + K[K2) + Y'^KiK2 ) 
= ^ y Res i^o {fiY{K[K'^y + ;ir'(Kiir2)" + hY"{K^K2)' + ^'iTii^s ) 

i 

= ^ y Res Y"KoK,K2 + h{Y"Ko{K,K2)' - {YK^)'K[K'2 - {Y' K,)' {K^K2)') 

= ^ y Res Y'^K^KiK2 - h{{Y Ko)' K[K'2 + Y' K'^{K^K2y) 
1 

2 ^ — ' X-^Si 



= - y Res Y'^KoKiK2 - hYK'f^K[K'2 - hY'{KoK[K'2 + i^o^ii^a + 
(F.3) 



This expression is clearly symmetric in xq,Xi,X2 as claimed in theorem 13.31 

Let us give an alternative expression, in the form of the Verlinde or Krichever 
formula [15j : 

W(0)/ N ^V^T3 B{x,Xi)B{x,X2)B{x,X3) , . 

'{xi,X2,X3) = 4> Res — (F.4) 

' ' X^Si y IT"! 



proof: 

In order to prove formula IF. 41 compute: 

S(x,a;,) = -^G"(x,x,) = -^G^ = ^(^i^f + YK[ + Y'K{) (F.5) 



thus: 



E B{x,Xi)B{x,X2)B{x,X'i) 
Res — 
x^s, Y ix) 

\ E Y^x) + + Y'Ko)ihK'l + YK[ + Y'K,) 

{hK'i + YK'2 + r'i^a) 
i y Res %KK';K'i + ^^^(ir^irl'ir^' + K'^K[K'i + ir^ir^ir^; 

+h\KoK'lK'^ + K'^KiK'i + K'^K'lK2) 



I n ^ n , n „ -I- A 
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+YY'{K'qKiK2 + K0KK2 + KoKiK'2) + Y'^KoKiK2 

(F.6) 

Notice that Ki has no pole at the Sj's, and 1/Y' has no pole, Y/Y' has no pole, Y'^/Y' 
has no pole, thus: 

Ej^^g B{x,Xi)B{x,X2)B{x,X3) 
x-^fi Y'(x) 

= ^ y" Res hY{KoK[K'^ + K^K'^K'^ + K'^K^K'^ + K'qK'IK2 + K'^K^K'^ 



8 

+KKK2) + hY'{K'^K,K2 + XoXi'Xs + i^oi^ii^2) + ^KKK'2 



+Y\KoK[K'^ + ir^/Tiii'^ + KKK2) 
+YY\K'oKiK2 + KqK[K2 + KoKiK'^) + Y'^KoKiK2 

(F.7) 

Notice that = 2^^' + U, thus we may replace Y^/Y' by 2/1^, and by 2/iF' and 
FF' by hY", thus: 

E^^^ -B(a:, xi)B{x, X2)B{x, X3) 
x-^fi F' (x) 

= 1 y Res hY{KoK[K!l + K^K'iK'^ + /sT^XiX^ + K'^K'lK2 + i^o^ii^a 

+K'^K[K2) + hY\K'^K^K2 + KqK'IK2 + K^K^K'^) + 2hYK'^K[K'^ 
+2hY'{KoK[K!, + K'^KiK!, + K'^K[K2) + hY"{K'^K^K2 + + K^K^K'^) 

+Y'''KoKiK2 

= ^ V Res hY{K,{K[K'^)' + K,{K'^K'^)' + ^^(X^XO') 

+2hYK'^K[K'^ + Y'^KoKiK2 + h{Y'{K'^KiK2 + i^o^(^2 + KoK^K'^))' 
= ^ V Res hY{KoiK[K'^y + K,{K',K'^y + K2{KK[)') 

+2hYK'QK[K'2 + Y'^KoKiK2 
= y Res S/iFX^K^X^ + nF'(Koii:(ii:2 + KKiK'^ + K'oK[K2) 

~2hYK'QK[K'^ - Y'^KoKiK2 
= ivrf (a;o,xi,X2) (F.8) 

F.l Direct computation 

We write 

l^f (;^i,^2,^3) 
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= Res K{zi,z)B{z2,z)B{z3,z) 

i 

^ SZSZ? '-"^ 'R-esK{zi,z)- ^ +sym. 

? § 5 ..)^ 2s ^<^' • ^' (. - - ..0^ 

_ / Ki,i{zi) 2Ki^o{zi) \ 

-2EE(— 



n^j^{z,-s,Y{z,-s,f{z,-s,f 

_|_4 ■^i,j-^i,k-^' ,1 



2 -4, J. 4, J, ^ AjjAjj. 

^ ^ (^1 - Si)^(^2 - Sj)2(^3 - Skf {Zx - SiY{z2 - Sjf{z3 - Sfe)^ 
{Zl - Siy{z2 - SjYizs - Skf 

+ ^ / _ ^ Y^^ - s Y {^^'''^''^ ^j,kSi,k - A,j ^ Ti^i'A',k 

i,j,k ^ -1 ■' ^- ' i' 



i ^ (^2 - S,-)n^3 - SkY [Si' - Sif 
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4 AijAi^k^i',i 



hf-i{zi- S/)2(Z2 - Sj^izs - SkY ^ V {Zi- Si) {Z2 - Si) 

^Si,k^i,lAi,j ' 

(zs - Si] 

_l_4 >, >, >, Ai^jAi^^Aii I + AijAi/^kAi^i + Ai^^Ai'jAi^i — AijAi^k^i,i 

i 1^ iZl-Si)\z2-S,)^izs-Sk)Hs,,-S,)^ 



AijAi^kA,iV"'{si) 

(F.9) 



Thus we have: 

.(0) 



W^">iz,,Z2,Zs) 



2 {zi~Si) {Z2-Si) {Z3-Si) 



'^htihi {^1- SI)\Z2- Sj)\z^- Sk)^{Si, - S,)^ 

Ai^Ai hAi iV" isi) 



--YY 



(F.IO) 



G Appendix: Proof of theorem 13.6 

Theorem 13.61 Under an infinitesimal variation of the potential V —>■ V + 6V, we have: 
Vn > 0, (7 > , SWi'^\xi, ...,Xn) = -YRes wjf^.ix, xi, . . . , Xn) 6V{x) (G.l) 



G.l Variation of uj 

We have: 



X — s 

and 



^(^) = ^Er^ (G.2) 



V'{si 



■ _/• "5i "Si 
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Thus taking a variation we have: 



I.e. 



which imphes: 



and therefore: 



5V'{s,) + 5sr'{s,) = -2hY,^'' 



which can also be written: 

6uj{x) = 



5V'{si) = -h^TijSsj 



6u{x) = - ^ 



y ResV 

k i,j 



A 



, ^'^s^: ^ (x - (x' - Sj] 

k «,? 



A 



x'^Sfc— ix - SiY ix' - SjY 
k «J 

y Res B{x,x') 5V{x') 



5V'{x') 



6V{x') 



and finally we obtain the case = 1, = of the theorem: 




G.2 Variation of B 

Consider: 

Wf{x,x') = B{x,x') 

Due to eq. (12. 6p we have: 
Wf\x,x') 



1 1 



2 (x — X' 



'\2 



E 



(X' - Si ^2 



ERes z) 



u{z) 



d 

— Res K{x, z) 

ox' ^—^ z^Si 



{z - x'Y 

ijj{z) — Co'(x') 



z — x' 
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(G.ll) 

On the other hand, since wf\x,x') has poles only at the Sj's we have: 
Wf {x, x') = Res G{x, z) {z, x') 

z— >a; 

- y Res G{x, z) wf {z, x') 

i 

- y Res {{2uj{z) - V'{z) + hd,)K{x, z)) W2\z, x') 

i 

- ^ Res K{x, z) {{2uj{z) - V\z) - hd,) wf{z, x')) 

((7.12) 
This implies that Vx: 

d ujiz) — ujix' 



= - y Res (x, ^) ( {2uj{z)-V\z)-hd,) wfiz,x') + -^- 
^-^ z^si \ ax' 

and therefore, {x, x') satisfies the loop equation: 



z — x' 



(G.13) 



{2u:{x) - V\x) - hd,) Wf{x,x') + ^i!iC£L_£^ = -P^'\x,x') (G.14) 

ox' X — x' 

where P^\x^x') has no pole at a; — > Sj's. 
Then we take the variation: 

{2u{x) - V'{x) - hd^) 5wf{x,x') = -{25u{x) - 5V'{x)) wf{x,x') 

d 5uj{x) - 5uj{x') ,^(0), n 



dx' X — x' 

{G.15) 



spr{x,x') 



5w''^\x,x') is a rational fraction of x, with poles only at the Sj's, and 5P2'\x, x') has 
no pole at X — > Sj's. We thus write: 

5W^''\x,x') = 5wf{x,x') 

ResG{x,z) 5wf{z,x') 

z^x 

- y Res G{x, z) wf (z, x') 

i 

- y Res {{2uj{z) - V\z) + hd,)K{x, z)) 5wf{z, x') 

i 

- y Res K{x, z) [{2uj{z) - V\z) - hd,) SWf\z, x') 

i 

y Res K{x, z) ({25u;{z) - 5V'{z)) Wf\z, x') 

Z-^Si \ 

i 
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dx' z — x' 



Y Res Kix, z) ( muiz) - dV'iz)) wf [z, x') + 

^-^ z-^Si \ (Z — X 

i 

y"Re^K{x,z) {25uj{z) - 5V' {z)) B{z,x') 



(G.16) 



Then, we use eq. fIG.Qp . and we get: 

mfix.x) = -2y"Resy" Res K{x,z) B{z,x")6V{x") B{z,x') 

i k 

- y Res ;z) 6V\z) B{z,x') 

i 

- y Res y Res K{x, z) G{z, x")bV'[^') B{z, x') 

i k 

-V Res Res K{x,z) G{z,x")6V'{x") B{z,x') 

i 

-V Res y Resir(a;,z) G{z,x")6V' {x") B{z,x') 

x"—*Sk Z—*Si 

k i 

-2y Res y Res is:(a;, 2) B{z,x")6V{x") B{z,x') 

k i 

(CU) 

We thus obtain the case n = 2, (7 = of the theorem: 



6Wi''\x,x') = - y Res Wi'\x,x',x") 6V{x") 



(G.18) 



G.3 Variation of other higher correlators 

We prove by recursion on 2g + n, that: 




(G.19) 



where L = {xi, . . . , Xn}- 
We write: 



h JCL 

By definition we have: 

Wjfl.ix, L) = Y, Res Kix, z) U^^l,{z, L) 



(G.20) 



(G.21) 
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From the recursion hypothesis, we have: 

^uiUz,L) = Res 6V{x") (wi%'\z, L,x") 

k 

-2 E E <i.i(^' <;-Vi(-' L/j) 

h JCL 

{G.22) 



a;"— ►St. 
k 



Thus: 



^Res5K{x,z)ulfl^{z,L)-^ResK{x,z) E Res 



X"— >Sl. 



ui?l{z,L,x") - 2B{z,x")wiUz,L)^ 
^Res 6K{x,z) ui,%{z,L) -J^ Res E ^es ( 

i k i 

ui%{z,L,x") - 2B{z,x")wiUz,L)) 
ERes<5i^(x,^) uii,{z,L) 

i 

+2V Res Res K{x, z) 6V{x") B{z,x")wif\{z,L) 

k i 

-V Res y Resir(x,z) 5V{x") U^J'Uz^L^x") 

k i 

y"Res5K{x,z) uii^{z,L) 

i 

+2 y Res y Res K{x, z) bV{x") B{z, x")wl^^hz, L) 

i k 

+2 y Res Res K{x,z) 5V{x") B{z,x")Wl^^hz,L) 

Z^Si x"^z 

i 

-E Res 5V{x") wi%{z,L,x") 



(^.23) 



k 



We use the loop equation of theorem I3.2[ which says that U^^l^{z,L) + {2uj{z)-V'{z) + 
hdz)wl^li{z, L) has no pole at 2; — > Sj, and thus: 

- y Res 5K{x, z) i2uj{z) - V\z) + hd,)w';^^hz, L) 



+2yResy Res K{x, z) 5V{x") B{z,x")W';^^Uz, L) 

i k 

+2 y Res Res K{x,z) 6V{x") B{z,x")wi^Uz,L) 

Z^Si x"^z 



41 



^^(^") wi%iz,L,x") 

k 

- y Res Vrii (z, L) {2uj{z) - V'{z) - hd,)6K{x, z) 

i 

+2yResy Res K{x,z) 6V{x") B{z,x")wi^hz,L) 

i k 

+2 y Res Res K{x,z) 6V{x") B{z,x")wl^^Uz,L) 
-J2 Res 6Vix")wi%iz,L,x") 

k 

(G.24) 
and we have: 

{2u{z) - V\z) - hd,)6K{x, z) = 6G{x, z) - (25cu(z) - W\z))K{x, z) (G.25) 
m^Ux.L) 

- y Res (z, L) bG{x, z) 



+ y Res W!f\{z, L) {25uj{z) - 5V\z)) K{x, z) 

i 

+2yResy Res K{x,z) 6V{x") B{z,x")wl^^Uz,L) 

^-^ Z^Si ^-^ x"^Sk 

i k 

+ y Resir(x,^) 6V\z) 

6V{x")wif},{z,L,x") 



(G.26) 
We have: 



X"— >Si. 

k 



y Res Wjf}^{z, L) 5G{x, z) = Q (G.27) 



because the integrand is a rational fraction, and we have taken the sum of residues at 
all poles. 

Using eq. (IG.Op . we are thus left with: 



5iyi5i(a;, L) = ~Y. ^^^^ bV{^) w\%{z, L, x") (G.28) 

k 

which proves the recursion hypothesis for 2(7 + n + 1. QED. 



H Appendix: Proof of theorem 13.7 

Theorem [HT] 
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For k = 0,1, Wn^ satify the equation: 

d 

i=l 

R( 



i=l * 

V Res x^+ir'(x„+i) 



(H.l) 



proof: 

Since VT^+i has poles only at the Sj's we have (with as usual J = {xi, . . . ,Xn})'- 



X) 



X) 



5^ Res x'V'ix) Wi'i,{j, 

i 

= VRes x^Y{x) l^ii(J, 
iH.2) 

Then using theorem [221 we have: 

y Res x''V'{x) Wjf\{j,x) 

i 
i 

= Yl ^^^^ l^dMiiU ^) + ui^U^, J) - Pii,{x; J)-Y9x 

i 

= y Res x'' \hd^wi'},{J, x) + Uii, {x, J) 



Notice that if n > 1, wjfJi{J,x) behaves like 0(l/x^) at x — oo, and thus, if A; < 1, 



X 



dxWjfJi{J, x) behaves like 0(l/x^). Since we take the residues at all poles, the sum 



of residues vanish and thus: 



^Res x'^V'ix) iyiJi(J,x) 

X >Si 

i 

VRes x''ui%{x,J) 



(HA) 



Notice that U^Ji{x, J) (defined in eq. (]G.20p ). behaves at most like 0(1/ x^) for large 
X, and thus, if A; < 1, the product x'^ U^li{x, J) is a rational fraction, which behaves 
like 0{l/x^) for large x. Its only poles can be at x = Si or at a; = Xj. Therefore the 
sum of residues at Sj's, can be replaced by the sum of residues at x/s: 



5^ Res x^V'{x) W^H.iJ, 



X) 
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{H.5) 



The only terms in f/^+i (x, J) which have poles at the terms containing 



B(x, Xj), i.e.: 



VRes x'V'ix) wi^U: 



-2 ^ Res x^ B{x, Xj) Wjf\x, J/{xj}) 



n 



J2 Res x' ^ W^^\x, J/{x,}) 

^x-x, {x-Xj}^ 

d_ 

dxi 



{H.6) 



-E|-(4H1"'(- 

j=i J 



, . . . , Xn 



□ 



I Appendix: Proof of theorem 13.8 



Theorem ISTSl : 

For n > 1, Wn^ satify the equation: 



{2-2g-n~h-^)wl^\x,,. 



ERes w''^l^{xi, ...,Xn, Xn+l) 



I.l h derivatives for w{z) 
We have: 

Taking the derivative with respect to h gives: 

.2 (^hsi - dnSj 



hV"{si)dns, = V\si)-2h^Y. 



and so 



V\s,) =h[v'\si)dnSi + 2hY, 



dhsi - dnS j 
[Si - sX' 



■_L- \ * 1 > 

We recognize the general term of the matrix T and find: 



(I.l) 
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Multiplying by the matrix A gives: 




We can use this result to compute: 



(x - SiY 



UJ[X 



k t,j 

+ ^ Res ^ 



A,v'{x') 



x'^Sk IX — SiVix' — Sj] 

k *,? 



A,,,V{x') 



{X - s,f{x' - SjY 

777(0), 



cu(x) + y Res (a;, a;') ^(a;') 



uj{x) + V Res iyf^(x,x')V^(x') 



(/.3) 



Thus we have proved the case n = 1, (7 = of the theorem: 




(1.2) 



(1.4) 

1.2 derivatives for wf'\z) 

We have seen in appendix [Gl eq. (IG.14p . that 14^2°^^? a;') satisfies the loop equation: 



{2u{x) - V\x) + hd,) Wf{x,x') + ^ 



(9 uj{x) — u}{x') 



Pi'\x,x') (1.5) 



dx' X — x' 

where P2°^(x,x') has no pole at x — > Sj's. 

Then we take the derivation hdn of this equation: 

{2uj{x) - V'{x) + hd^) hdnW2\x,x') + ^iS^Wf (x,x') + 2^a?,'«;(x)Wf (x, x') 



9 hdfiUj{x) — hdfiUj{x') 



dx' 



X — X 



hdnPi'\x,x') 



(1.6) 
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rational fraction of x, with poles only at the Sj's, and hdfiP2^\x , x') 
has no pole at a; — > Sj's. We thus write: 

ndnW^°\x,x') 
= hdnWf\x,x') 
= ResG{x,z) ndnW2\z,x') 

z— >x 

= - y Res z) hdnWf^ (z, x') 

i 

= - y Res {i2uj{z) - V'{z) - hd,)K{x, z)) hdnWf\z, x') 

i 

= - ^ Res K{x, z) ((2cj(z) - V\z) + ^9,) fid^f {z, x')^ 

i 

= y Res K{x, z) ({2hdnuj{z)) ^2°^, ^0 

CJX Z X ' 

= y Res K{x, z) {2wf (z, a;') hdf,uj{z) + ^^^^ + hd^wf {z, x')) 

i ^ ^ 

{1.7) 

Then, we use eq. (11.4^ . and we get: 

hdnW!f\x,x') 

= y Res K{x, z) {2Wf^{z, x)w{z) + hd-Mf\z, x')) 
+2y Res Res K{x,z)Wf\z,J)wf\z,J')V{x'') 

i,k 

= y Res Wi'^\z, x') (2w{z) - hd^K{x, z) 

i 

+ y Res Res K{x, z)wi°\z,x')G{z,x")V'{x") 

i,k 

= y"ResW^°\z,x') {G{x,z) + V'{z)K{x,z)) 

i 

+ y Res Res K{x, z)w!2^\z,x')G{z,x")V' {x") 

Z ^ S x ^ s ^ 

i,k 

= Res Wi°\z, x') G{x,z) 

i 

+ y Res Res K{x, z)wi°\z,x')G{z,x")V'{x") 

i,k 

+ y Res Res K{x, z)W^^\z, x')G{z, x")V'{x") 

i 

= Res Wi°\z, x') G{x,z) 

i 
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+ y Res Res K{x, z)W^'^\z,x')G{z,x")V'{x") 

i 

+2^ Res ResK{x,z)wi°\z,x')B{z,x")V{x") 
y Res 5(2, x') ^(x,^) 
+ 5^ Res wi°^(x,x',x")V^(x") 



X"-*Sk 



We now use the fact that G{x,z) and B{z,x') are rational fractions whose only poles 
are s,'s, as well a.s z = x and 2; = x', and we write: 



ERes B{z^ x) G{x, z) 



— Res B{z, X ) G{x, z) — Res B{z, x ) G{x, z) 

z—*x z-*x' 

11 1 

— Res-B(z,x') Res- — ■ G{x,z) 

z^x Z — X 2 z^x' [z — X'Y 

Res B{z,x') h Res : B(x,z) 



—B{x, x) + B{x, X 




1 • 



So that eventually we have proved the case tt, = 2, (7 = of the theorem: 




1.3 Recursion for higher correlators 

We proceed by recursion on 2g + n. 
From theorem 13.21 we have that: 



iY{x)-hd^)hdnWi,'Ux,L) 



hdnUi'lix- L) + hdM'n+ii^, L) - W^'l.ix, L) hdrX{x 



r(9) 



(9) 



where the term on the last line has no pole at x = Sj. This implies that: 
J2 Res K{xo, x) ((r(x) - hd^)hdnW!f},{x, L) 



(1.9) 



(I.IO) 



(I.ll) 
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We have: 



= E s K{xo, x) (hdnUii,{x; L) + hd.wiiii^, L) 

i 

-Wi%{x,L)mnY{x)) (1.12) 
^Resi^(a;o,a;) {{Y{x) - m,)hdnW'^%{x,L)) 

i 

= J2 Res hdnWif_l,(x, L) {Y{x) + hd,)K(xo, x) 

i 

= - VRes/ia;,VFii(x,L)G'(xo,x) 



= Res n^ftWiJi (x, L) G(a;o, 



a;— >xo 



= ^anWiJi(a;o,L) (1.13) 
and therefore: 

= V Res K{x^, x) (hdnUii,{x; L) + hd,wi%{x, L) - wi%{x, L) hdnY{x)) 
(7.14) 

From the recursion hypothesis we have: 
hdnU!^l{x-L) 

9 I 



k=0 JCL 

9 I 



+ E E <"n-V|(^' L/J)hdnW[%^{x, J) 

k=0 JcL 

= (2 - 2{g - 1) - (n + 2))wil-'\x, L) + V Res w!f-,'\x, x, L, x') V{x') 

I 

+ E E(2 - - ^) - (1 + ^ - \J\)) J) L/j) 

k=0 JcL 

+ E E(2 - 2^ - (1 + \J\)) <;-iJi(^> L/j) <],|(x, J) 

fe=0 JcL 

+ J] R^es V{x') X: E <| J| ^' <"n-| Jl ^/^) 

i ^ fc=0 JcL 

+ J2 Res F(x') ^ ^ (X, J) (x, L/J, x') 



i k=0 JcL 

= (2-2^?-n) [/(i(a;;L) 



+ Res l^(x') (C/ii(a;; x', L) - 2B{x, x')wii,{x, L)) (1.15) 

I 
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Thus we have: 

hdnW!f^,{xo,L) 
= {2-2g-n)y2ResK{xo,x)ui%{x-L) 

i 

= (2-2^7-n)iyii(xo,L) 

+ E . E JSf^ ^(^0' ^)^(^') (^^2(2^; x', L) - 2B{x, x')wii,{x, L)) 

+ ^(^0' ^) {fi9xWi%{x, L) - Wlfl^ix, L) WnY{x)') 

i 

= {2-2g- n)wii,{xo, L) + Y, Res V{x') wi%{xo, x\ L) 

j 

-2^ Res ^Res K{xo,x)V{x') B{x,x')w!f_l^{x,L) 

j i 

i 

= (2 - 2^ - n)PFii(xo, i^) + Res PF^il^o, x\ L) 

J 

-2 J2 Res ^ Res K{xo, x)V{x') B{x, x')w!f_l^{x, L) 

i j 

-2 y Res Res K(xo, x)V(x') B(x, L) 

i 

+ 5] Res K{xo, x) (hd,wi'l^{x, L) - L) hdnY^x)^ (1.16) 

i 

Notice that: 

hdnY{x) + 2 y Res B{x, x')V{x') + 2 Res x')V{x') = (1.17) 



3 



therefore: 

ri.9) 



hdnW:;,';,{x^,L) 

{2-2g- n)w!fl{xo, L) + T Res V{x') wi%{xo, x\ L) 

' ^ t' — 



(2 - 2^ - n)iyi5i(a;o, L) + ^(^') ^i'il^o, x', L) 

- y Res iyi5i(x, L) (y(x) + m)K{x^, x) 
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{2-2g- n)Wi'l{xo, ^) + E ^^^^ ^(^') ^nU^^. L) 

3 

+ y Res Vrii (x, L) G(xo, x) 

i 

{2-2g- n)wi%{xo, L) + V Res V{x') wi%{xo, x', L) 



3 



- Res wi^Ux,L)G{xo,x) 

X— >a;o 

{2-2g- n)iyi^i(a;o, ^) + V Res V^(x') W^iisla^o, x, L) 
-Wii,{x,,L) 

(2-2(7-n-l)W^iii(xo,L) + V Res W^ijsla^o, x, L) (1.18) 



3 



i.e. we have proved the theorem for 2g + n + 1. 

J Appendix: Free Energies 

Here we consider g >2. 

The free energies defined in eq. (13.161) . automatically satisfy theorem 13.81 and thus 
are homogeneous: 

F^'^\\v, \h) = p{9)^v, h) (J.i) 

Here we show that they satisfy theorem 13.61 
We start from the definition: 

p(9) = f,2-2g r y-Reg vix) Wi'\x) (J.2) 

Jo ^ x-*Si h 

and we compute the loop operator applied to F^^^: 

= h^-^^ / ^ VRes( \/(x) W^'\x,x,) + 5.,,V{x) w['\x) 
= r yjies ( V{x) wi'\x,x^) + ^^^^ 
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(J.3) 

we integrate by parts, and since 2g — 2 > 0, there is no boundary term coming from 
the bound at 0, and thus: 

= W['\xi) (J.4) 

Therefore we have proved that the loop operator acting on F'^^^ is indeed w[^\ i.e. we 
have proved theorem 13. 6[ 

K Appendix: F^^^ 

We have defined F^^^ as: 

= -hY, y{si) + ^2 ^ In (s, - Sj) (K.l) 

• Proof of theorem 13.61 for F'^'^'^: 
consider a variation 5V, we have: 



Si - s 



3 



i 

-J" Resuj{x)6V{x) (K.2) 



• Proof of theorem 13.81 for F*^''-*: 
we have: 



Therefore: 



i i^j 
i 

= 2F(°) + ^ Res r (a:) (K.3) 

i 

(2 - hdn)Fo = - ^ Res V{x)w{x) (K.4) 
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L Appendix: F^^^ 

We have defined F^^^ as: 

1 f(°) 

F« = - In(detA) +-^ + ln(A(s)2) 



^ In (det A) -^Y. ^(^^) + 5Z 1^ - + 5Z 1^ - 
^ In (det A) -i^y(s,) + 25^1n(s,-s,) (L.l) 



• Proof of theorem 13.61 for F^^^: 
Let us start from W^^^ 

Wi^\x) = y"ResK{x,z)W2iz,^ 

i 

A ■ ■ , _ A . . 



ERes K{x, z) 
Z — >Ra 



Si - s 



^2 



3) 



(L.2) 



We have: 



ERes K{x, z) 
7. S-.S.- 



3 z^Si [Z — Si 



\3 



3 -2 — Sj h ^ (z — Si)^ 

i ^ ' 



Therefore: 



ERes K{x, ^ 
7. *f^^ 



z^s, - ' (Z- Si)^ 



V Res(2a;,(;2) - lv'{z))K{x, z) 



h ' (-2 - 
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^ z-*Si I Z — Si i [Z — S 

z Res G'(x, z) 

I 

i 

~ ^ ^ K [x, Si) Ai^iTi^i 

i 

+^ ^) 7 — ^ 

n. -^^z^si (z — SiY 

Notice that: 

ResK{x,Si)5V{x) = I V Res ^''^'^^^fj 

x-^s h ^ x^s [x — S^Y 

3 



1 5s 

R(i^K\x,Si)8V{x) = -- y -2y ^ 

x^s n ^-^ ' ^—^ Si — Si 



Res Res ^^'''^}. SV{x) 



x—*s z-*s, 



(Z - Si) 



.^2 



Res Res 7^^^ 5V(x) 

z^Si x-*s [Z — Si)^ 

+ Res Res ^^^^ 5V{x) 



x^z [z - Sif 



— Res Res 



Ai 



SV{x) 



z-^Si x-*s {x — Si)'^{z — Sj)'^(z — Si)"^ 
1 1 

+- Res Res 5Vix) 

I z^Si x-^z [x — Z)'^{Z — Si)'' 

= h Res Res ^[^^'^ ^o 

z^Si x^s [Z — Sj) — Si) 
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That gives: 



X z^Si [x — S,-) 



3 



+2 V A/I\, + 2h . .3 A, + i 5V\s,) A 

' _Q-- — _Q- I « • — Q-W 7 



U{Ti^i) A,, + ^ 5^ (s,) + 2 ^ (L.8) 



and thus: 



ResTyi^'^(x)5\/(a;) 

1 1 Ss 



ft Sj - Si 



= E ^^(^^'^) ^^'^ + ^ E E E ^^..^^(^.) ^M^/. + 2 E 



+4 V V 7 - 4 V Aj 

5s,- — 5si 



5s j — (5s j 



2 /?< 5^ 

= i^indetr + i J]<5(y(s,))-i J] 

2 ft ^ ^ ^ ^ s s. ^ Si - sj 

3 3 t¥=3 3+->' 

= -51ndetT+- J]5(y(s,))-EE^^-E^^ 

3 3^+3 3+^ 



3 



i51ndetr + 1 Y^^{y{s,)) - 2 J] (L.9) 
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That implies: 



3 




M Appendix: Example m = 1 

We choose s = 0, and Vis) — V2S + v^s'^ + Y^Vk+is''. 
We have ^ 

culx) — — 

X 

V2 



k 

1 



V2XI 



B{xi,X2) 



= = 
1 V3 



1 A 



2{xi — X2y x\x\ 



2^ 1 1 1 , 

2 2 2 2 V ^" ~^ y 

/J nf-' <-y»^ _ nf* ^ 



'H 2 2 2 

) (T^^ /y»-" /y^ 

U2 J^i -^a 



6^1 1 1 1 1 

3 ^2 ^2 ^2 ~'~ ~'~ 



'? 1 'T* 

2 1 2 3 



<-y»^ <-y»-" ly*^ 

1 •''2 •''3 •''4 

11111 
h + + + + 



3 2 2 2 ^ 

V2 ^2 '^3 X\X2 X\X'Af X\X^ X23J3 ^2^4 



12// ('3 1 1 1 1 

,4 ^2 ^2 ^2 ~ ^ ~ ZT'' .,5 ^2 ^2 ^2 



12;if2 



'^2 "^X"^2"^3 "^1 "^3 ^2 "^1 "^2 "^3 ^2 



(1) 



^ 

hx V2 X^ Vo X^ 
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...fi) 3,11 2 , 1 4^3 1 1 , 

^ V2x\x\ x\ x\ 3X1X2 hV2x\x\ V2 xfx^ Xi X2 

Avl 3f4 



4 2 2 2 2 

U2 -t'i-t'2 '-'2 X1X2 



(M.IO) 



- ^^(- + - + -1 

2 "^]^'-*^2 3 '-t-^ ]^ 2 3 

12 1 1 

H Q o o o ( o 



'i999V9 '9 '9 ' 9' 9' 9/ 

2 ' \ 2 3 i-t-. -j^ 2 iX,' 2 ' 3 i,l i,l 2 i.c 2 2 3 X 

8 2 111 

^ ~^ T 2 9 9 9 V ^ ^ / 
^2X1X2X3 m,'2J'iJ'2J'3 '^'l '^2 J'3 

24t;3 , 1 1 '1 1 1 1 . Iv-, 



4222V2 2 2 / i;S222 

2 »*'X 2 3 1 2 3 •Ju\ju'2 »^2*^3 •ju]^ju\ i i'U<2 -x^ ]^ -X'2'^3 

32t;| 1 1 1 32^;| 18^;4 1 1 1 

~h 2 2 2 V ~^ ^~ / fi 2 2 2 4 2 2 2 V ^ ~^ 

V2XIX2X^ Xi X2 X3 V2XJX2X3 V2XIX2X3 Xi X2 X3 

42^3^4 12^5 



5 222 4222 

/II"-' ^y»^ (T^-^ /-y»^ 'J I <T^^ ^y*-^ ^y»^ 

1^2X1X2X3 t;2'^l'^2-^3 



(M.ll) 



(2) 



(M.12) 



8'?73 W4 



/lul X^ 

3fK 



5t'3 
/I'uf x^ 



+ 



5^1 
x^ 



5^1 

/il'l x^ 



3t;4 
x^ 



hv\ x^ 



(2) 



15 1 1 

/)i3 ry^ ry^ ry^ 



™2 ™2 
Xl X2 



32^3 



1 



1 



/l 11 ly^iy^ <T(»3 



40v| 



xf X2 

18f4 



3^3 

18^' 



hv^XlX2 



+ 

X2 

50v| 

/iff xfx| 

64^3 114 

T 5 2 2 
n. t'2 .T|X2 



) + 

30^3 



12 



1% ^2 



X\X2 



+ 



3 



1 



?) 1 )^ /y^ /y'^ /y /y>2 
/ fc U'2 tXj -^tXj 2 ^\^2 

/I In 
- + - + 
Xl X2 

Xl X2 

50^3 f 5 



+ 



)- 



X\X2 



hV2 XfX2 



- + — ) 



xt 



37 n 



hV2xfx2 Xl X2 hV2x{x2 



50v| 


24t;4 


hV2x\x2 


/lf| xfx2 


109f 1 ?;4 


1 24f| 


/Iff xfx2 


/i ^2 X-^X2 


15^6 




/ifl xfx2 





X 



Xn 



(M.13) 



2 15 3 35^3 5f3 50vl 5f? 
1 1 1 '1 1 2. 2 — 

h^x It? v 2 x'^ h? V2 x^ f I x^ It? w f a;^ a;^ /i^ v| x^ 

60vf ^ 5173 ^ mvl _ mvl _ 24^4 ^ 3^4 

/i^ vf x^ h? V2 x^ h? vl x^ V2 x^ V2 x^ h? V2 x^ 
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/l^ ^2 V2 h? V2 h? v\ X^ W' v\ X^ h? V2 X^ 

21^5 ^ 3^5 ^ 56f3U5 IO6V3U5 ^ 45^4^5 ISfe 

W' v\ x'^ W' v\ W' v\ x^ fp v\ x^ V2 x^ h? V2 x^ 

50^3^6 15^7 



h!^ V2 x"^ h? V2 x'^ 

The free energies are: 



S^jg 5f| 3f4 25f|f4 3^4 7V3V5 5vq 



(M.14) 



F^^]^\u{v2/n) (M.15) 
F2 = + ^ (M 16) 
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